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Abstract

This paper proposes necessary and sufficient conditions for an additively separable representation of
preferences in the Savage framework (where the objects of choice are acts: measurable functions from an
infinite set of states to a potentially finite set of consequences). A preference relation over acts is represented
by the integral over the subset of the product of the state space and the consequence space which corresponds
to the act, where this integral is calculated with respect to an evaluation measure on this space. The result
requires neither Savage’s P3 (monotonicity) nor his P4 (weak comparative probability). Nevertheless, the
representation it provides is as useful as Savage’s for many economic applications.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

According the standard theory of decision under uncertainty, first proposed and axiomatised
by Savage [9], a rational agent’s preferences over acts (measurable functions from an infinite
set of states to a potentially finite set of consequences) are represented by a probability mea-
sure over states and a state-independent utility function on consequences. This representation
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assumes ordinal state-independence: that if one prefers one consequence to another, one will
retain this preference no matter what event is realised. Moreover, it also assumes cardinal state-
independence: that one’s utility for a particular consequence is the same no matter what event is
realised. These assumptions may been challenged.

On the one hand, it has long been recognised that cardinal state-independence does not hold
in certain cases: for example, people’s risk attitudes many depend on their state of health, and
this may affect their choices regarding health and life insurance. On the other hand, although less
commonly noted in the literature, ordinal state-independence also seems to fail in many cases,
especially when the consequences are commodities. One might prefer a herbal tea at home to a
dinner in an expensive restaurant next Saturday if tired, but the dinner to the tea if not. When in ill
health, one might prefer living in a built-up area (to be close to the necessary services), whereas
in good health, one might prefer the isolation of the countryside. These latter preferences inform
one’s decisions regarding investment in one’s home, which, like health insurance decisions, re-
quire one to consider what one’s state of health might be in the future and what preferences one
would have in different possible states of health.

In such cases, the axioms corresponding to ordinal and cardinal state-independence — mono-
tonicity (Savage’s P3) and weak comparative probability (Savage’s P4) respectively — are not
satisfied. To account for such cases, a weakening of Savage’s theory is required; namely, a set of
axioms, including neither monotonicity nor weak comparative probability, which are necessary
and sufficient for the following sort of additively-separable representation!: for all acts f, g,

f<g iff Y U(s f()) <Y Uls, &) (1)

ses ses

where U is a real-valued function of states and consequences which we call the evaluation.?
Under the standard theory, and in particular in the presence of the state-independence axioms,
this function can be obtained as the product of the probability and the state-independent utility.
However, in cases of possible state-dependence, probability and state-independent utility func-
tions do not always exist, and even when they do, they lack economic and empirical meaning
because they are not unique in the appropriate sense (see [5,6]). By contrast, the evaluation U
exists even in cases of state-dependence and it does have the appropriate uniqueness properties;
in cases of state-dependence, it is the more solid economically meaningful concept.

Moreover, it can fill many of the roles traditionally played by probability and utility in eco-
nomic applications. Consider, for example, the decision maker’s choice today about whether to
book a table at the restaurant next Saturday or not. To determine what he will choose, only his
evaluation U is needed: a factorisation into a probability measure and a utility function adds no
useful information. Furthermore, the representation of preferences by an evaluation is entirely
sufficient for most standard exercises of comparative statics. For example, the evaluation is all
that is needed to determine the effect of changes in the restaurant’s prices on the decision maker’s
choice.

To date, the only axiomatisation of the form (1) in the Savage framework [11] drops weak
comparative probability but retains monotonicity, and hence does not apply in the cases men-
tioned above. In this paper, we provide an axiomatisation in the Savage framework which relies

' In this formula, we assume that there are finitely many states. This assumption is made entirely for expositional
purposes: it is not true in the Savage framework, nor in the result proposed here. See Sections 2 and 3.
2 Thanks to Mark Machina and Edi Karni for suggesting this terminology.
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neither on monotonicity nor on weak comparative probability. The theorem is stated in Sec-
tion 2 and is discussed, along with related literature, in Section 3. The proof is to be found in
Appendix A.

2. Axioms and theorem

Let S be a set of states, with a o -algebra of events Fs which contains {s} for each s € S, and
let C be a set of consequences, with a o-algebra F¢. C can be finite or infinite: if it is finite or
countable, F¢ will just be the set of subsets of C; if it is uncountable, this need not be the case.
Let A be the set of measurable functions from S to C — they are called the acts — and let < be a
binary relation on A; <, ~, > and = are defined from < in the usual way.

Let A p be the set of partial measurable functions® from S to C; that is, measurable functions
from A to C, where A C S. Elements of A,, are called partial acts, and the set A on which a
partial act is defined is called its domain. Note that, since A can be S, every act belongs to A,.
For any act f and event A, f4 will denote the partial act with domain A which agrees with f
on this domain. To each partial act f4, there corresponds a subset of S x C: namely its graph
{(s, fa(s)) | s € A}. This subset shall also be called f4. Fsc is defined to be the o-algebra on
S x C generated by A,,. Note that, when C is finite or countable, Fsc coincides with the product
of Fg and F¢; however, if C is uncountable, this need not be the case.*

For A and B disjoint, f4gp is the partial function taking the values of f on A and the values
of g on B. Given an event A, A€ is the set S \ A; since it is measurable, it is also an event. As
is standard, <4 will denote the order < on acts, given the event A. The traditional notion of null
event shall be employed: an event A is null iff, for any pair of acts f,g € A, f ~4 g.

We assume two of the basic axioms of Savagean decision theory.

Axiom A1 (Weak order). < is a weak order: (a) forall f, gin A, f < g or g < f; and (b) for all
f.gandhin A,if f < gand g < h, then f < h.

Axiom A2 (Sure-thing principle). For any acts f, g, h, ' in A and any non-null event A,
Fahac < gahac iff fallye < galye.

Following [1,3], we factorise Savage’s P6 axiom into two elements: the standard Archimedean
axiom (see for example [8, pp. 204-205]) and solvability (which differs slightly from the solv-
ability axioms proposed in the articles mentioned, in so far as they suppose monotonicity, and
this is not assumed here).

Axiom A3 (Archimedean axiom). For each pair of acts f and g, if Ay, ..., A;,...1s a sequence
of disjoint non-null events such that f4, g Ac ™~ fa;8 A= 8 for all i, j, then it is a finite sequence.

Axiom A4 (Solvability). For acts f, g, h in A with f < g < h, there exists an event A C S such
that fAhA(' ~ 8.

3 Henceforth all functions, partial functions and sets of states shall be assumed to be measurable.

4 Suppose that S = C = 9 with Fg and F¢ the Borel sets: on the one hand, the graphs of strictly monotonic measurable
functions are Fgc-measurable but not Fg x F-measurable; on the other hand, subsets {(s, ¢) | s € (s1,52), ¢ € (c1, 2)}
for s1 < sp and ¢1 < ¢y are Fg x F-measurable but not Fgc-measurable.
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A final technical condition is required, which was first proposed in [4].

Axiom AS5 (Local stability). For any f, g in A, there exist events A, A, and A3, such that the
non-empty A; form a partition of S and such that: for any non-null event B C Ay, f <p g; for
any non-null event B € A, f ~p g; and for any non-null event B C A3z, f >p g.

This axiom is required because the set of states is infinite; it is automatically satisfied on finite
sets of states.

Theorem 1. For a given S, C, <, suppose that A4 and AS are satisfied. Then the following are
equivalent:

(1) < satisfies A1-A3;
(i) there exists a measure U on (S x C, Fsc) which takes finite values on A and is such that,
forevery f,g € A,

g iff /dUg/dU )
f g

Furthermore, let U’ be any other measure satisfying (2). Then there exists a > 0 and a mea-
sure b on (S, Fs) such that U' = aU + b.

U is the evaluation and can be thought of as the analogue of the function U in (1). For further
discussion of this representation, see Section 3.

3. Discussion

Axiomisations for representation (1) have been obtained long ago in frameworks involving
a finite number of states and an infinite set of consequences endowed with a rich structure: for
example, where the set of consequences is the set of lotteries over a set of outcomes (the so-called
Anscombe and Aumann framework) or a connected topological space. However little work has
been done on how such a representation can be got in the Savage framework, which assumes a
possibly finite set of consequences and an infinite set of states. The main paper in the literature
dealing with this problem is Wakker and Zank [11]. We shall bring out the pertinent aspects of
Theorem 1 via the comparison with their proposal.’

The most important difference between the two papers lies in the use of monotonicity: Wakker
and Zank need this axiom, whereas Theorem 1 does not assume it. As noted in Section 1, this
axiom is violated in several interesting cases, and any full reply to the problem of state-dependent
utilities should be able to deal with such cases. The theorem proposed here does apply in such
cases, whereas Wakker and Zank’s does not.

Another important difference is in the assumptions on the set of consequences. Wakker and
Zank require that the set of consequences is a connected topological space, whereas no struc-
ture is assumed on the set of consequences here. In particular, Theorem 1 applies to finite, as

5 The main points made below also hold for [2], which proposes results similar to those in [11], though with a different
motivation.
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well as infinite, sets of consequences. Not only is this closer to Savage’s original theory, where
the structural burden is borne by the state space alone, but there are many cases, in particular
those involving indivisible goods, where the assumptions on the set of consequences made by
Wakker and Zank may be difficult to justify, but where the theorem proposed here continues to
apply.

One final difference between the two papers lies in the presentation of the result. It is a non-
trivial conceptual problem to find an analogue of (1) when the set of states is infinite (see [11] for
an excellent discussion). Wakker and Zank consider two solutions of this problem, both of which
are different from, though of course equivalent to, the solution proposed here. To illustrate the
relationship, consider Wakker and Zank’s second solution [11, Theorem 12], which represents
preferences by a functional of the form f qu(s, f(s))du(s), where u is a non-unique measure on
the state space, and u is a function on state-consequence pairs which is not unique up to positive
affine transformations. Firstly, the representation proposed here, which involves a single measure
U on the Cartesian product of the state space and the consequence space retains a closer analogy
with (1), the only difference being the replacement of the sum by an integral and the function by
a measure. Moreover, given the uniqueness of the evaluation U and the lack of uniqueness of the
functions featuring in Wakker and Zank’s representation, the former reflects more accurately the
economic and empirical content of the representation.

The first two differences mentioned above render Theorem 1 more useful in the construction of
new theories of state-dependent utilities. The goal of much of the literature on state-dependence
is to find necessary and sufficient conditions for the existence of a unique probability function
and a suitably unique state-dependent utility function which represents the decision maker’s pref-
erences. A popular technique is to assume axioms necessary and sufficient for a representation
of the form (1), and then search for new supplementary conditions which guarantee a unique
decomposition of the evaluation U (for example [6,7]). To date, most of this research has had
to adopt a framework with a finite state space and a rich consequence space, because, as noted
above, these are the only frameworks in which (1) has been axiomatised without relying on
monotonicity. Using Theorem 1, one can now expect to be able to extend these theories to the
Savage framework.

Finally, the result may have useful applications to time preferences. If one interprets S as a set
of time points (say, an interval on the real line) and C as a set of consumption bundles, then the
objects of choice (acts) are consumption streams of the sort introduced by Strotz [10]. Theorem 1
applies, yielding a representation of the form (2). This representation bears the same relation-
ship to the functional form proposed by Strotz as representation (1) bears to the representation
proposed by state-dependent utility theorists such as [7]: the single measure on consumption
bundle-time point pairs is decomposed into a discount factor and a time-dependent “instanta-
neous” utility function [10, p. 167]. And just like for the case of state-dependent utility, all that is
required to obtain Strotz’s representation are supplementary axioms which guarantee the decom-
position. To the knowledge of the author, this is the first axiomatisation in the continuous-time
setting of a functional form close to that proposed by Strotz: in particular, contrary to much of
the recent literature on time-discounting, it does not suppose that “instantaneous utilities” are
time-independent (an assumption which corresponds to state-independence).

Appendix A

Preliminary notions. The proof relies heavily on Theorem 4 in [8, Ch 2]. It is worth reproducing
the essential definition and the statement of the theorem.
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Definition 1. (See [8, p. 44].) Let A be a non-empty set, B and 2~ non-trivial binary relations
on A and o a binary operation from B into A. The quadruple (A, 77, B, o) is an Archimedean,

regular, positive, ordered local semigroup iff, for all a, b, c,d € A, the following eight axioms
are satisfied:

1. (A, =) is atotal order: that is, an anti-symmetric weak order (a weak order such that, if a = b
and b = a, then a = b).

If (a,b) € B,a = c,and b - d, then (c,d) € B.

If (c,a)e Banda Zb,thencoa 7 cob.

If (a,c)e Banda = b,thenaoc boc.

(a,b) e Band (aob,c) € Biff (b,c) € B and (a, boc) € B; and when both conditions hold
(@aob)oc=ao(boc).

If (a,b) € B,thenaob > a.

If a > b, then there exists ¢ € A such that (b,c) € Banda Zboc.

8. {n|ne N, and b > na} is a finite set.

A

N

Where N,, a subset of the positive integers, and na, an element of A for each n € N, are defined
inductively as follows:

(i) 1e N, and la = a;
(i) ifn — 1€ N, and ((n — 1)a,a) € B, then n € N, and na is defined to be ((n — 1)a) o a;
(iii) ifn — 1€ Ny and ((n — 1)a,a) ¢ B, thenforallm > n, m ¢ Ng.

The importance of this definition is expressed by the following theorem (Theorem 4 in [8]).

Theorem 2. Let (A, =, B, o) be an Archimedean, regular, positive, ordered local semigroup.

Y~

Then there is a function ¢ from A to N4 such that forall a, b € A,

() azbiffp(a) > ¢(b);
(i) if (a,b) € B, then ¢(a ob) = $(a) + ¢ (b).

Moreover, if ¢ and ¢’ are two functions from A to Ny satisfying conditions (i) and (ii), then
there exists a > 0 such that, for any non-maximal a € A, ¢'(a) = ag(a).

Proof of Theorem 1. The proof employs several propositions and lemmas which are proved
separately below. The (ii) to (i) direction is straightforward, so we will restrict attention to the (i)
to (ii) direction. Henceforth we assume that A1-A5 hold.

Pick any act e € A, which shall remain fixed throughout the proof. Let AT = {f4s € A, | A
non-null event and for any non-null event A’ C A, fyreqc > e} and A~ ={f4 € A, | A non-null
event and for any non-null event A’ C A, e > faearc}. Consider the relation ~ on AT defined
by fa ~ gp if faeac ~ gpepe; by Al, this is an equivalence relation. Let AL be the set of
equivalence classes of AT under ~. AZ is defined similarly. [ f4] shall denote the equivalence
class (element of AT) containing f4.% Define the order <T on AZ as follows: [ fa] <t [ga] iff,

6 Soif fa ~ gp then [f4a]=I[gp]. Often, below, we shall need to chose an arbitrary element from an equivalence class
[fal; for notational convenience we shall often call the element f4.
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for any fa € [fal] and gp € [gB], faeac <X gpepc. Define BT, a set of sequences of elements
of AT, as follows: for I countable or finite of size greater than or equal to 2, ([ f;;l.])ie ; € BT iff
there exists, for eachi € I, f f’;i elf /ii,-] such that the A; are pairwise disjoint. Then define o™,
a function from B1 into At, as follows: o*([fj‘i])ie[ = [f/l] .. .ff’;[_ ...ewa;)] where for each
iel, f fil,- elf Ai] and the A; are pairwise disjoint. Henceforth we will write Qj’e LS fih] instead
of o™ ((Lf}, Dier). Note that the restriction of BT to sequences of length 2 is a relation on AZ,
and the restriction of o to such sequences is a binary operation on .4F; in such cases we will
write [ f4] o™ [gp] rather than OV ([ f4], [gg]). B is defined similarly.

Let us first consider the trivial cases. If At and AZ are both empty, then define U to be the
measure on (S x C, Fsc) which is 0 everywhere. If one or both of A¥ and A7 are non-empty,
but Bt and B~ are empty, then AT (resp. AZ) has one element if it is non-empty (Lemma 2).
In such cases, define the measure U on (S x C, Fsc), by U(fa) =01if faeac ~e, U(fs) =1if
faeac =eand U(fs) = —1if faepc <eforany fp € Ap. Itis straightforward to show in both
these cases that U represents = according to (2).

For the rest of the proof it will be assumed that one or both of B* and B~ are non-empty. The
proof for this case rests on the following proposition.

Proposition 1. (AT, =%, B*, o%) and (AZ, T, B~, o) are Archimedean regular positive or-
dered local semigroups (Definition 1).

It follows from Theorem 2 that there is a function U™ : AT — W™ which respects the order
=1 (for [fal, [g) € BY, Ut ([faD) = U*(lga)) iff [fa] > [gp]) and represents a finite num-
ber of applications of the operation o™ by addition (for [ 4], [gg] € BT, UT([fal ot [gB]) =
UT([fal) + UT([gg])); moreover, this function is unique up to a positive multiplicative factor.
Similarly there is a function U~ : AZ — R inversing order (for [ f41, [gr] € BZ, U ([fa]) =
U~ ([gp]) iff [ fa]l << [gp] and representing a finite number of applications of o~ by addition,
which is unique up to a positive multiplicative factor. (Equivalently, —U ™ respects the order =
and represents o~ by addition.) These naturally induce real-valued functions on A" and A~
sharing the same properties; to ease notation, these functions will also be called U™t and U~ (so
we have U™t (fa) = U ([fa])).

As is clear from the proof of Theorem 2 [8, §2.2.2], there are two cases to be considered. In
the first case, there is a smallest element [hc] of AL (for all [fa] € AZL, [hc] <T [fal), and
every element of A is of the form n[h¢] for some positive integer n [8, §2.2.2], so AT is finite
and there are no infinite sequences in B*. In the second case, there is no smallest element of A¥,
so BT may contain infinite sequences. Proposition 1 only guarantees that U™ is finitely additive
—i.e. it represents finite applications of o™ by addition. Although this suffices for the first case, it
still remains to be shown in the second case that U™ is countably additive — i.e. that it represents
the application of o™ on infinite sequences by addition. Similarly for U ~. This is indeed the case.

Proposition 2. Suppose that AT (resp. AZ) does not have a smallest element. Then U +
(resp. U7) is countably additive; that is, for ([ng,-])iEN e BT, U+(Q?'€N([g%i])) =

Y2 Ut (les, -
It remains to “calibrate” the functions U™ and U ~; that is, to ensure that the positive and

negative utilities add correctly. This only needs to be done if both A and AZ are non-empty;
henceforth we suppose that this is indeed the case.
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Definition 2. [ f4] € AL and [gp] € AZ cancel if there exist f4 € [fal, gp € [gg], such that A
and B are disjoint and fagpecaup)c ~ e.

Let Z7 = {[fa] € AL | there exists [gp] € AZ, [fa] and [gp] cancel} and let 7= =
{[gp] € AZ | there exists [ f4] € AL, [fa] and [gp] cancel}. These are non-empty, given that
AT and AZ are (Lemma 3). Moreover, there is a natural mapping o : Z+ — Z~, taking [ fa] to
the [gp] such that [ f4] and [gp] cancel. It is straightforward to show that this mapping is well
defined, and that it is one-to-one and onto.

We shall refer to the restriction of B+ to ZT by Bz ™ and the restrictions of =1 and ot by
=1 and o™ respectively; similarly for Z~. Note that B7 " is non-empty if and only if Bz~ is, so
there are two cases.

Case 1. Bz " and Bz~ are empty. In this case, Z and 7~ contain one element each (the proof
of this is a simple extension of the proof of Lemma 2); let the elements be [ fA/]\and o([fa))

U”(o(faD)

respectively. So for [ggp]l € 2=, U™ ([gg]) = aU+(a_1([gB])), where o = T

Case 2. Bz and Bz~ are non-empty. By inspection of the proof of Proposition 1, it is easily
seen that (Z1, =%, By, o%) and (Z~, <2, By, o~) are Archimedean regular positive ordered
local subgroups, so Theorem 2 applies. U~ represents the restriction of <_ to Z—; however,
U+t.o~! does as well.

Proposition 3. For [gg], [ 1€Z~, Ut (o~ ([gs]) = U (6~ (gl D) iff [88] <= [85].

Since, by Theorem 2, any two representations of the restriction of <_ to 7~ are related
by a positive multiplicative transformation, there exists an « > 0 such that, for all [gp] € T,
U~ (gD =aU™ (0~ (lgp]).

Define U : A, — N as follows. Firstly define it on AT U A~ U {f4 € A, | for any event
A CA, faepe ~el:

Ut ([ fal) if fareqrc > e for all non-null events A’ C A
U(fa)=13 —LU=((fa]) if farearc <e for all non-null events A’ C A 3)
0 if fareqrc ~eforallevents A’ C A

For any f4 € Ap, AS applied to fse4c and e ensures that there is a partition of A into three
events Aj, Ap, A3 such that, on each event, one of the three conditions in (3) holds. So U can be
defined for any fa € A) by U(fa) =U(fa,) + U(fa,) + U(fa5).

Given that Fgc is the o-algebra generated by A, this suffices to define U on Fsc. By
construction, U is a countably additive measure on (S x C, Fsc), which is finite-valued on A
and represents = according to (2).

Uniqueness. Assume that 3= is non-trivial and let U’ be any other measure on (S x C, Fsc)
taking finite values on A and representing 3=. Define b : Fs — R by b(A) = U’(en), where
e is the act used in the construction of U (e is such that, for any event A, U(es) = 0). By
the additivity properties of U’, b is a finite-valued measure on (S, Fg). Consider the measure
U’ —b.p; on (S x C, Fsc), where p is the projection onto S: p;(fa) = A. For any f4 € AT
and for all non-null A’ C A, far > ear, so U'(fa) > U'(ex) and hence (U’ — b.p1)(fa)) > 0.
U’ — b.p; is thus strictly positive on A™. Furthermore, U’ — b.p; is well defined on the set
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of equivalence classes At: we now show that U’ — b.p1 represents =1. Let [fal, [gB] €
At and suppose that [ f4] =1 [ggl. By Lemma 1, there exists non-null A’ € A such that
far €lgpl.But (U —b.p1)([fal) = (U' = b.p1)([gs]) = (U' = b.p1)(fa) + (U’ —b.p1)(eac) —
(U" = b.p1)(fa) — (U —bop1)eac) =U'(faa) — U'(ea\a) = 0since fa\area\ay = e.
Similarly, if (U’ —b.p1)([fa]) — (U’ —b.p1)([gg]) = 0then U'(faeac) > U'(gpepe) and hence
[fa] =T [gg], since U’ represents 3=. So U’ — b. p| represents =1 ; a similar argument holds for
<= and AZ. By the uniqueness clause in Theorem 2, (U’ — b o p1) = a.U for some a > 0.
This completes the proof of Theorem 1.

Proofs of auxiliary propositions and lemmas. The following lemmas will be used below or
have been mentioned above.

Lemma 1. For fa,gp € AT, if [fal =T [gg], then there exists a non null event A’ C A, such
that fa € [gB].

Proof. If faesc ~ gpepe,let A’ = A. If not, faeac > gpepe > e, so, by A4, there is an event
A" C A such that fs\avescusr ~ gpepe. Setting A’ = A\ A” yields the required result. If A’
were null, then ggepc ~ fareqrc ~ e, contradicting gp € Ay. O

Lemma 2. If AT (resp. AZ2) is non-empty and BT (resp. BY) is empty, then AL (resp. AZ) has
just one element.

Proof. Suppose not, and take f4, gp € At with [ fal ~T [ga]. By Lemma 1, there is a non null
event A’ C A such that f4/ € [gg], but by A2 and the fact that [ f4] # [gg], A \ A’ must also be
non null. ([ far1, [fa\ar]) € BT, contradicting the assumption that it was empty. O

Lemma 3. If AT and AZ are non-empty, then T+ and I~ are non-empty.

Proof. Consider arbitrary f4 € A" and gg € A~. If A and B have non-null intersection, then
Axiom A4 applied to faeac > e > gpepe yields fargpearupy ~ e, where A’ C A, B’ C B
are non-null events; so [f4/] and [gp’] cancel. If A and B have null intersection then they
can be assumed to be disjoint (remove the intersection from one). Consider fagpe(aup)c:
if fagpeaup)c ~ e then [f4] and [gp] cancel; if fagpecaupyc > e, then applying A4 to
fagpeaupy > e > gpepe gives fargpeupy ~ e where A’ C A and B’ C B so [ fa] and
[gp’] cancel; similarly for fagpeaupy <e. O

Proof of Proposition 1. Since the cases are similar, we shall only treat the case of (AT, =1,
BT, o™) here. We shall show that the clauses of Definition 1 are satisfied:

1. <F is a total order. The order <t on AT inherits the properties of connectedness and
transitivity from the order < on A: so axiom A1 guarantees that < is a weak order. Furthermore,
since A is obtained by quotienting by ~, < is anti-symmetric. It is thus a total order.

2. 0f (Lfa) [gn]) € BY, [fal =L [f}] and [gp] =2 I8}, then (Lf3], I8} 1) € BY. Since
([fal, lgr]) € BT, there are elements fa € [fal, g € [gp], with A and B disjoint. Using
Lemma 1, choose events A” C A and B” C B such that f4» € [f},] and gp~ € [g}]. Since
A and B are disjoint, so are A” and B”, and hence ([f}/], [g}/]) € BT.

3 and 4. Note that, since ot is commutative, Clause 3 is satisfied if and only if Clause 4 is.
So it suffices to establish that: If ([fal, [gg]) € BT and [fal =% [hc), then [fal oT [gg] =T
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[hc] ot [gg]. Since ([fal,[gp]) € BT, there are elements fa € [fal, gp € [gg], with A and
B disjoint. Using Lemma 1, choose an event A" C A such that fa € [hc]. By the definition
of AT, fareae < faeac; by Axiom A2, it follows that farggeaupy < fagpeaus)y. Hence
[hclot (gl <L [falot [gB].

5. ([fal, [g]) € BY and ([falo™ [gB], [hc]) € BT iff ([ga], [hc]) € BT and ([ fal, [gB] o™
[hc)) € BY; and when both conditions hold ([ fa] oT [gg]) ot [hc]=[fal o™ (lgg]l o™ [Ac)).
If ([fal, [gg]) € BT and ([fal o™ [gg], [hc]) € BT, then there are f4, g and hc, members of
[fal, [gB] and [k ] respectively, such that A, B and C are disjoint. It follows that ([gg], [Ac]) €
B and ([fal. [g]l 0" [hc]) € BT furthermore ([fa] o™ [gg]) o [hcl=[fagphcl=1[falo*
([gB] ot [hc]). The same argument works in the other direction.

6. If ([fal,[gg]) € BY, then [ fal o™ [g] =L [fal. Since ([fal,[gg]) € BT, there are ele-
ments fa €[ fal, g € [gB], with A and B disjoint. f4ggeaup)c and faeac differ solely on B;
by A2, it is their comparison on this set that decides the preference ordering between them.
Furthermore, by definition of A™, ggepc > e; hence the required result.

T.0f [ fal =% [gB), then there exists a [hc] € AL with ([gg], [hc)) € BY and [ fal =L [gglo™
[hc]. By Lemma 1, there is an A" C A such that fx € [gg]. Since faeac = fareqc, A\ A’ is
a non-null event; take C to be an arbitrary non-null subevent of A\ A’. Since fi € AT and C
is non-null, fc € A1 since A’UC C A, faucewucy < faeac. Taking [hc] =[fc] gives the
result.

8. Forall [fal,[ggl € AL, {n|n € N and [gp] > nl fal} is finite, where Niz,) and n[ f4] as
in Definition 1. Suppose not. Then there exists an infinite sequence f/ix,« € A™ such that for all i,
J» f/ix,-eAf ~ f/{jeAj > e and the A; are disjoint. The acts f = f/il ...fj‘i ...€(Ja,c and e, and
the infinite sequence of disjoint non-null events A; violate A3.

This concludes the proof of Proposition 1. O

Proof of Proposition 2. Only the case of U™ will be considered; the case of U™ is simi-
lar. Consider a countable sequence ([ng,.])ieN € BT and let [ f4] = ;;N[gj?,-]‘ It needs to be

shown that > ;2 U*([g%t_]) = U™ ([fa]). Suppose not. Since O;;n[g%’_] <L [fa] for any n,
and since U™ is order preserving and respects finite applications of o™, it must hold that
i U+([g’Bi]) < U ([ fa)) for any n. Hence Ut ([fal) = Y 24 U+([ngi]): g.iven the assump-
tion that U™ ([fa]) # 3-72, U™ (I8}, 1), we have that U™ ([fa]) > 372, U ([g},D-

Since there is no smallest element of AY, there exists an infinite sequence of [hé/_] e Af,
with [héj_] >t [hg:l] for all j € N, and a corresponding infinite decreasing sequence of real
numbers (U +([hé/_])) jeN. Let [hc] be the first element of the sequence with U T([hc)) <
Ut ([ faD) — D52, U+([gi;i]). Pick fa € [fa] and, using Lemma 1, an event A’ C A such
that fa € [hcl. By construction, for all n, 3 UT([gp 1) < Ut ([fal) — UT([hc]), so
Ofgn [ggi] <T [fa\a’]. Using a countable number of applications of A4, generate a sequence of
pairwise disjoint non-null events A; € A \ A" such that fu, € [g%i] for all i. Thus O;‘;N[g%i] =
[fay - fai - -eane] ST [fava]l <T [fal = O ylgh, ] (the last equation, by the definition

of [fal]), which is a contradiction. The assumption that U ([ fa]) # Z?il U+([gj§i]) is thus
false. O
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Proof of Proposition 3. Suppose not: there are [gg], [g}] € I~ with UT (07! ([g)]) >
U™ (o' ([gs]) but [g}] == [gs]. Pick fa € o7 '([g)]) and let A” € A be such that
far € U‘l([gB]) (such an A” exists by Lemma 1). Similarly, pick gg € [gg] with B dis-
joint from A, and let B” C B be such that gg» € [g},]. Since [g]# [gpl., B \ B” is non
null. By definition, fagpreaup)c ~ e ~ fargpearupye, and fa = far. By A2, it follows that
8B\B"€(B\B") ~ fa\are\ary = e, contradicting the fact that gp € A~ . The assumption that
Ut (0~ (lgp)) = Ut (07 (IgpD) but [gj] >= [gp] is thus false. O
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